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Superspace symmetry and unconventional Landau 
models with several symmetry-breaking modes: 
thiourea and betaine calcium chloride dihydrate 
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Universidad del Pais Vasco, Apdo 641, Bilbao, Spain 

Received 22 June 199U. i n  final form 19 October 1990 

Abstract. The models recently proposed for thiourea and betaine calciumchloridedihydraie, 
which consider the symmetry break at the normal-inconlmensurate transition as the result 
of thecondensationof more thanonesymmetry-brealiingnormal mode.arediscussedinrhe 
iramewori, of superspace symmetry and alternatively using the Landau theory. The power 
andsimplicityofihe superspaceapproach fordescribingthr modulationareexplicitlyshown. 
Asin more conventjonalcases. the superspace symmetry introduceswiihout further physical 
arguments restrictions on the form oi the incommensurdte modulation equivalent to those 
obtained through a Landau analysis where all possible secondary modes triggered at the 
transition are calculated. including those induced by high-order coupling terms. 

1. Introduction 

I n  theconventional Landau theory of astructural phase transition thesymmetry breaking 
at the transition is determined by the symmetry of the order parameter. This symmetry 
is described by an irreducible representation of the space group of the high-symmetry 
phase. I f  the order parameter is multidimensional, the actual symmetry of the low- 
symmetry group also depends on the  direction taken by the order parameter in the 
representation space [l]. 

Thus, in the case of a second-order commensurate+ommensurate transition, the 
spacegroupofthedistortedstructure iscompletely determined by thesymmetryproper- 
ties of the order parameter. All other modes or degrees of freedom which may be 
triggered and become spontaneous at the transition (secondary modes) have a symmetry 
higher than or equal to that of the order parameter. They cannot further lower the 
symmetry of the system. Any additional symmetry break can only be associated with a 
new phase transition. Also, any mode compatible with the space group of the distorted 
phase can be considered asecondary mode and takesnon-zerovaluesafter the transition. 

I n  principle, it would be possible to describe the distorted phase in terms of the 
superposition of the order parameter primary mode and the secondary modes, without 
making use of its space group. An enumeration of the allowed secondary modes using 
Landau theory would confirm that the number of parameters to be determined (complex 
amplitudes of the different modes and their polarization vectors) coincides with that 
necessary if the more usual and simple description is used in terms of atomic positions 
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restricted by the space group. In this sense. the space group associated with the low- 
symmetry phase and determined solely by the order parameter is an effective way of 
enumerating all the degrees of freedom of the distorted structure. 

The superspace group [ 2 4 ]  describing the symmetry of an incommensurate (IC) 
phase plays an analogous role in the case of a commensurate-ic transition. Similarly to 
the commensurate space groups, the superspace group of an IC phase is completely 
determined by the symmetry of the order parameter [S, 61. For order parameters cor- 
responding to two-dimensional irreducible representations there is even a one-to-one 
correspondence between the superspace group and the irreducible representation of the 
order parameter [5.7]. This has led in some cases to the erroneous belief that the 
superspace group of an I C  phase is a concept totally equivalent to the irreducible 
representation associated with the order parameter. Both concepts play different roles, 
however. For instance, when the structure of the IC phase of K2Se04 is restricted to 
conform to the superspace group P(Pnnm): (-1s). the modulation is automatically 
forcedto bethesuperpositionofsymmctrymodesofwavevectorq,, = nqr(q, = (d  - 6)a* 
being the I C  modulation wavevector; n = 1.2, ) with symmetries Z2, Z3,  Z4 and Z,, 
forn=6n7 rt 1.ri = 6 m i 2 . n = 6 m ~ + 3 a n d n = 6 m ( m = 0 , 1 . 2 , .  ..),respectively[8]. 
The modes are also constrained to satisfy specific phase relations between them. An 
identical restriction on the secondary harmonics participating in the structural modu- 
lation of K2Se0, can be obtained from a Landau analysisof the transition, taking &(qJ 
as the symmetry of the order parameter. Hence. the superspace group identifies not 
only the symmetry of the primary distortion associated with the order parameter but 
also thosecorresponding toall possiblesecondary modesandeventual additional restric- 
tions on their superposition. 

Similarly. in the case of thiourea, the associated superspacc group P(Piinw) :s- 11) 
with q, = 5b* automatically implies that the first harmonic in the structural modulation 
as well as all other odd harmonics in the modulation, have rI  symmetry, while even 
harmonicscorrespond to the irreducible representation r l .  In addition, the global phase 
of the nth harmonic CD,, is restricted to satisfy O,, = nQI (mod n), where is the free 
phase of the first harmonic [9]. Again, these symmetry restrictions can also be obtained 
from theLandauanalysisofthetransitionfromthe Pnmaphasewithaa,(q = 6b*)order 
parameter [lo]. 

The superspace symmetry associated with an tcstructure is therefore fully equivalent 
to a description of the I C  modulation in terms of modes triggered through thcir coupling 
with the order parameter in a generalized Landau potential. The use of superspace 
symmetry constitutes, however. a much simpler method as it automatically introduces, 
without further physical arguments. the structural consequences of these restrictions. 
as happens with space groups in the case of a commcnsurate structure. 

The power of the superspace approach and the particular role played by the 
superspace group concept becomes clearer when we consider unconventional IC phases 
(real or hypothetical) which have more than one order parameter, i.e. the symmetry 
breaking is caused by two or more modes. In these cases, the superspace group of the I C  
structure is not directly related to a single irreducible representation and the advantages 
of the superspace description compared with a mode description become more signifi- 
cant. We analyse here from thisviewpoint two rather different modelsrecentlyproposed 
for thiourea and betaine calcium chloride dihydrate (BCCD). 

In the case of thiourea, it has been suggested that the relative phase shift of the 
second-and third-order harmonicswith respect to the maindistortion (order parameter) 
may have general values not satisfying the constraint indicated above [lo, I l l .  Although 
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this model is discarded by the experimental evidence and physical arguments [9,12], it 
is interesting to see its consequences in terms of superspace symmetry. In principle, it 
implies a reduction in the crystal superspace group determined by the main distortion 
to a smaller subgroup. The model requires, however. a smaller number of structural 
parameters than those resulting from the associated superspace group [9]. Hence, a 
description in terms of normal modes is apparently more effective than the superspace 
description. Here we prove that in fact thisisnot the caseand the stronger restrictionson 
the rcstructurecomingfrom the mode description disappear whenadditional secondary 
modes are considered in the Landau analysis. Hence. the superspace group description 
is also in this hypothetical case an effective and simple way to introduce all physically 
acceptable restrictions on the IC modulation. 

For BCCD, it was proposed [13, 141 that the IC primary modulation over the Pnma 
structure is the superposition of two modes of symmetries A3 and A2 (for notation see 
[E]). We shall show that the superspace group of such IC distortion is given by the 
intersectionofthe superspacesymmetriesassociated with eachofthe modes. Forspecial 
values of the phase shift between the two modes the resulting superspace group is 
maximal. It can be shown that these special phase relations are energetically favourable 
in a general Landau potential. As happens with more conventional models. the assigned 
superspace group automatically introduces the same symmetry structural restrictions 
which can be derived from a complex Landau analysis, where all coupled secondary 
modes are considered. 

2. Thiourea 

Theorder parameter symmetry at the normal-ic phase transition in thiourea is r4  in the 
notation of [SI (antisymmetric for U, and C2,.). Consequently, the superspace group 
associatedwiththeicphaseisP(Pnrna):(s-l~l) [7].Therepresentativeelementsofthe 
superspace group P(Pnma) : (s - 1 1) are in the usual notation [7,9] 

(E~OOO.O),{U~,/~!?. -6/2+ !},(C,,.10?0, -6 /2+ 8 } , { ~ , i t O k , O ]  

~ I / o o o , @ , / ~ ~ , ~ c , l t f f ,  - 6 / 2 + t +  @,/x} 

lU,lO40, - ~ / 2 + ~ + @ , / x 1 . ~ c 2 1 1 ~ 0 ~ , @ 1 / ~ ~  

where @, is the global phase of the first harmonic, while the superlattice generators are 

IE1100, O}, (E1010, -a}, {E/001, O},  {ElOOO, 1). 

Under thissuperspace symmetry, odd andeven harmonics in the IC modulation with 
wavevector q,, = nqi are forced to have, respectively. r4 and T ,  symmetries while their 
phases @,, are constrained by the relation CJ,~ = n @ ,  (mod x). Indeed, the modulated 
structure has been successfully refined using this superspace group [9]. ( 5 ,  is the fully 
symmetric representation for the point group of the wavevector.) 

The model in [lo, 111 considers that thisconstraint between the global phases of the 
first, second and third harmonics of the [c modulation can be eventually broken, while 
the harmonics maintain their symmetries r4, 5 ,  and r4 .  respectively. 
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The superspace group. under which an n t h  secondary mode with global phase Qn (of 
symmetry T; for n odd and T ]  for t i  even) is invariant. is given by the demerits (see [5] 
for a similar derivation) 

IEIOOO, 01, {o;/M, -6/2 + m/2L {C&W, -6/2 + m/2},  {o,ltO$.O) 

{Ilooo, @,/na}. {C,18$’2, -6/2 + mi2 + @,,/nnl, 

{o$?O, - 6 / 2 + m / 2 +  ~,,/nn},{C211sOk,aP,/nn] 
where m is 0 and 1 for n even and odd, respectively, and the superlattice generators are 

{E1100,0},{ElOlO, -6} ,  {E1001,0]. {EIOOO, l/n}. 

It is easy to see now that. if the phase relationship a,, = nQl  (mod n) is fulfilled, the 
common superspace symmetry of tlie modulation, given by tlie intersection of all these 
groups, coincides wi th  the superspace group P ( P w n n ) :  (s - 1 1) associated with the pri- 
mary distortion. If the phase relation is violated. the superspace symmetry is reduced to 
a lowersubgroupgiven bytheelementsof P ( P H ~ u )  : (s - 11) notdependingon the mode 
phase. This superspace group is labelled as P(Pn2,a) : (ss 1). It ahould be stressed a t  this 
point that this superspace group lias been incorrectly labelled in previous literature 

Not only does the new symmetry~ introduce, as new degrees of freedom, the free 
global phases of the different harmonics, but also the element {u,~040. -6/2 + 4 + QJ 
n}, which in the centrosymmetric group keeps the thiourea molecules invariant, is 
absent in this subgroup. As a consequence. some restrictions on the form of the atomic 
modulations disappear, and the harmonics are no longer forced to satisfy the T +  and r l  
symmetries. In particular, the phasesof the atomic modulationsoan takegeneralvalues. 
different for each atom in the asymmetrical unit  [ 9 ] .  

Summarizing. a hypothetical model which only lifts the constraints between the 
phases of the harmonics of the IC modulation while keeping their symmetry reduces the 
superspace symmetry to a non-centrosymmetricsubgroup. However. the description of 
the structure i n  terms of this new superspace group implies automatically the intro- 
duction into the modulation of many additional degrees of freedom, so that its 
description in terms of the superposition of odd r4 and even T~ harmonics is no longer 
valid. The question is then whether such a model with stronger restrictions on the 
modulation than those coming from the corresponding superspace group is physically 
acceptable. 

We shall show immediately by a simple Landau analysis that the answer is negative. 
and the additional degrees of freedom associated to the lower superspace group are 
physically relevant and are effectively triggered if the phase constraint is lifted. 

Let us consider for instance a normal mode with q = Zq,. symmetry T I and coordinate 
Q 2 q , . r , .  Ingeneral, itslowest couplingwith the order parameter isgiven by aterm 
in the Landau potential of the form 

[9,101. 

i V 4 ( Q i , . G , p Q $ , , r l  + CC) (1) 

V 1 P u p P 2 p , . r ,  COS(2Q’,, -%,,A) 

or in polar coordinates 

( 2 )  2 

where(pop.cDOp). (pzp,.,, , @a, , r , )a re  theamp1itudesandphasesoftht:orderparameter 
and the coupled mode. respectively. 



Superspace symmetry and unconventional Landau models 395 

A term such as (2). linear in the coupling variable, is sufficient to make the cor- 
responding mode 2q,, r1 spontaneous at the transition, thus actingas a secondary mode 
or secondary order parameter. In the case of a continuous transition, the cosine function 
will also force the phase of the secondary mode to satisfy @ 2 q c T ,  = 2@,, (mod IT). 

The essential point not considered in previous work is that there exist in the structure 
not only one but several normal modes of symmetry 2q,, t i  and all of them will be 
coupled with the order parameter by terms of the type (2). with different coefficients 
V,. Therefore, all of them will be spontaneous in the IC phase and the total second-order 
harmonic with wavevector 2g, will be the result of their superposition. If the phase 
constraint is satisfied by all the modes. their superposition, for which all the terms have 
the same phase. will keep the symmetry T ~ .  In this case we can speak in practical terms 
of a single secondary 2q,. rI mode. On the other hand, the presence in the second 
harmonic of a single mode 2q,, T~ with a phase violating the phase constraint is enough 
to break the global symmetry of the harmonic. As a result, the phases of the atomic 
modulations will no longer be fixed by symmetry (as predicted by the superspace group 
description) and willdepend foreach atomon therelativeamplitudesandrelative phases 
of the superposing modes. 

A similar mechanism also exists for the first harmonic. Modes with the same sym- 
metry and same wavevector as the order parameter are coupled with the second-order 
T ,  modes by terms of the type 

If a single mode 217,. r I does not fulfil the above-mentioned phase constraint. a term such 
as (3) will induce the presence in the first harmonic of secondary ~ ~ ( g , )  distortions with 
no fixed phase relation with the r4 primary distortion. Consequently. the modulation 
first harmonic will also lose its T~ symmetry. 

It is also interesting to analyse the mechanism which reduces the symmetry of 
the average structure to the non-centrosymmetric subgroup Pn2,a. as given by the 
superspace group. Homogeneous (zero-wavevector) modes of BI, symmetry (anti- 
symmetric for I. c&, Clr and q) are coupled to the order parameter and other T 4 ( q i )  
modes by terms of the form 

v6P<>pPq,.irP*,.i, COS(@", + @ q , . 7 ,  - @ ? % T i ) .  (3) 

(i/2)V8pB,,(Qqi.opex.., - cc) = VaPe2,PupPq,,rj - @ q j . 7 , ) .  (4) 

These terms, as those presented previously. are always present in a full Landau potential 
ofthe transition. Inaconventional Landau model the phase constraint at the free-energy 
minimum resulting from terms such as (3) makes the sine function in (4) take a zero 
value and the terms (4) become irrelevant. I n  the present hypothetical model. however, 
the violation of the phase constraint makes the terms active, so that they will induce the 
spontaneous condensation of the BIu modes, which break the centre of symmetry of the 
average structure in the form expected from the superspace group description. 

It is important to note that the coupling terms (2), (3) and (1) considered above are 
of relative low order in the order parameter (4, 6 and 8, respectively). Therefore the 
consequences of this ( in  particular those resulting from the first two coupling terms) 
cannot be ignored in a realistic model. 

3. Betaine calcium chloride dihydrate 

In this case, the basic structure of Pnma symmetry is proposed to be modulated by the 
actionoftwomainmodeswithwavevectorq, = dc* andsymmetriesA,andAI[l.l].The 
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superspace symmetry corresponding tc a mode A3(qi) (antisymmetric for uv and CZz) is  
P(Pnma):(ls-1). while it is P(Pnma):(ss-1) in the case of a mode A2(q,)  (anti- 
symmetric for U, and uv) [15]. The representative elements of the superspace group are 
in thetwocasesasfollows: forP(Pnma):(ls-1) 

{ElOOO.OI, { ~ ~ l 4 4 4 ,  -6/2}, {0,1010, $1, {CJfO?, -6/Z + &I 
{IlOOO, Y/x}, {C,/iti, -6/2 + Y/,T),{CLylOfO, t t W / n )  

{U,ltO$, -a i2  + & + Y/nJ 

and,for P(Pnma):(ss-1) 

{E(00O,O~,{~,(il4, -6/2 +a). b y l O %  41,{C~\601, -6/21 

{Ijooo, @/"T}. {Cl, 14tr, -6 /2  + + + @/E}, {c2y1010. 1 + 4/d, 

{ U , l l O f ,  -6/2 t @/XI 

where Y and 4 are the global phases of the modes A? and A!, respectively. while the 
superlattice generators are 

{EIlOO,O), {E/O10,0},(E~001, -6),{E1000. 1). 

Although. the IC structure of BCCD has been determined successfully under the 
superspace group P(Pnma): (Is- 1)  [16]. thus implying a single A, primary mode, i t  is 
again interesting to analyse the implications of this alternative model in the frame of 
superspace symmetry, 

The superspacesymmetrycorresponding to the superposition ofboth modesisgiven 
by the intersection between both superspace groups. I t  is easy to see that the resulting 
group depends on the phase shift between both modes. so that 

- 4 = arbitrary 

Y - 0 = n/2 (modz)  

P(Plm1) : ( l s  I )  

P(P2, ma): (-1s- 1). 

Y - d, = O(modx) P(!'12,/in1):(1-1/~1) ( 5 )  

For any of these groups, the extinction rule in the diffraction diagram for diffraction 
vectorsoftype (0. k ,  1, m),whichexistfortheintersectingsuperspacegroups,disappear. 

As in more conventional cases. it  can be shown that the phase relations in ( 5 )  
corresponding to the maximal superspace symmetry are physically favoured. If we call 
(Qq8,  Q - q ; )  and ( P q , ,  kq,) thecomplexcoordinatescorresponding tothe modesA,and 
A*, their lowest-order coupling terms in a generalized Landau potential are 

(6)  

(7) 

Q,,Q - q )  pqd P-qi = P;,PL 
and 

Q$,Pq, + Q?,,P;, = 2pX,pzh, COS[~(Y - 4)], 

The first term is isotropic. but the second favours configurations with W - @ = 0 or 
n/2 (mod x) corresponding to the maximal superspace groups. 

Another significant question is how the superspace group associated with the modu- 
lation A, t A? allows an average structure of lower symmetry than Pttma, if in fact the 
average structure of both A3 and A? modulations has Pnnza symmetry. 
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Again in this case, the assigned superspace group is taking into account implicitly 
and without using any physical argument theconsequencesof the triggeringof additional 
degrees of freedom through their coupling with the primary modes. For instance, if we 
consider the symmetry propertiesof the modes it iseasy to see that homogeneous modes 
of symmetry B,, (antisymmetric for GJ, C,,, ux and uz) and B,, (antisymmetric for CZy, 
C,, I and ux) will be coupled to the primary modes by terms of the type 

The BZg modes reduce the Pnma symmetry of the average structure to its subgroup 
P12,/ml,  while modesofsymmetry B3" induce an average structureofP2,masymmetry. 
Terms of the type (8) and (9) are responsible for the symmetry of the average structure, 
as predicted by the assigned superspace groups. The minimization of the free energy 
leads to the condensation of one of these types of mode depending on the actual value 
(0 or n / 2 )  of the phase shift Y - @. If this latter takes a general value, both terms are 
non-zero and both types of homogeneous mode become spontaneous, reducing the 
symmetry of the average to Plml, as expected from the superspace group assignment. 

4. Conclusions 

It has been shown using two hypothetical examples corresponding to IC phases whose 
symmetry cannot be described by a single order parameter that, even in these uncon- 
ventional cases, the use of superspace symmetry in the structural description of the IC 
phase introduces without requiring any physical reasoning the same restrictions on the 
structural modulation as those derived by a complete Landau analysis, which has to 
include all eventual spontaneouscoupled modes. As both approaches are equivalent, it 
may be a question of taste, background or personal preference to use one or the other. 
However, a Landau description without a full consideration of all possible coupled 
modes, as often done, can lead to erroneous structural models. as has happened in the 
literature for thiourea. I n  the superspace approach, the symmetry-breaking modes 
determine the structure superspace group, and this latter automatically includes in a 
standard crystallographic form all physically meaningful restrictions on the structural 
model. 

Acknowledgments 

Valuable comments on and criticisms of the earlier version of this manuscript by 
G Madariaga, I Aramburu and J M Ezpeleta are gratefully acknowledged. 

References 

[l] Landau L D and Lifshitz E M 1980 Srarisricul Physics (Oxford: Pergamon) 
121 de Wolif P M 1977 Acfu Ciysfallogr. A 33 493 
[3] Janner A and Janssen T 1980Acfa Cryslallogr. A 36 399 
141 de Wolif P M. Janssen T and Janner A 1983 Acra Cryslallogr. A 37 625 
151 Perez-Mato J M, Madariaga G and Tello M J 19X4 Phys. Reo. B 30 1534 



398 J M Perez-Mato 

(61 Janssen T 1984 P1iysicu A 126 163 
[7] Perez-Malo J M. Madariaga G andTello M J 1984 F~rro~l~crr ics  53293 
181 Perez-Malo J M .  Gazrelua F. Madariaga G and Tell0 M J 19861. Phys. C: S d i d S f o f e  Phys. 19 1923 
191 Zbfiiga F J .  Madariaga G. Paciorek W, Perez-Mato J M, Ezpelela J M and Etxebarria I 1989 Aclo 

C,ysful/ogr. B 45 566 
[IO] SimonsonT’. DenoyerFandCurrat R 19851. Physique462187 
[ 1 1 1  Simonson T, Denoyer F and Currat R 1987 J. Physique 48 2023-6 
[I21 Perez-Malo J M and MadariagaG 19871. Physique482019 
1131 Dvorak V ,  Holkovsky J and Pefzelt J 1988 Ferroelecrrics 79 15 
[ 1.11 Dvorak V 1990 Ferme/ecfrics 104 135 
1151 Perez-Malo J M 1988So/idSlaie Commun. 67 1145 
[ 161 Wfiiga F L. Ezpeleta J M. Perez-Mato J M and Madariaga C 1990 Phase Trans. at press 


